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Abstract

The e}ects of the transverse strain "the normal strain in the crack!line direction# on the near!tip _elds of
small shallow surface cracks "Case A cracks# in power!law hardening materials are investigated by _nite
element analyses[ The small Case A cracks are under plane stress\ general yielding\ and mixed mode I and
II conditions[ Constant e}ective stress contours representing the intense straining zones near the tip\
deformed crack!tip pro_les and near!tip mode mixity factors are presented for di}erent transverse strains in
the crack!line direction[ Based on the concept of characterization of fatigue crack growth by the cyclic J!
integral\ the e}ects of the transverse strain on J are investigated[ The results suggest that the fatigue life
prediction based on multiaxial fatigue theories and the critical plane approach should include the constraint
e}ects due to the transverse strain[ Consequently\ the concept of constant fatigue life contour on the G!
plane in multiaxial fatigue theories is generalized to the constant fatigue life surface in the G!space where
the shear strain and the two normal strains are the three axes[ Finally\ a damage parameter as a function of
the shear strain and the two normal strains is proposed for evaluation of fatigue damage under multiaxial
loading conditions[ Þ 0888 Elsevier Science Ltd[ All rights reserved[

0[ Introduction

The strain!based low!cycle fatigue theories were initially developed in the late 0849s and early
0859s in response to the need to predict fatigue life where local plastic deformation occurs[ Several
strain!based multiaxial fatigue theories were proposed in the past\ for example\ see Garud "0870#
and Brown and Miller "0871#[ Early works on fatigue theories involved correlations of fatigue life
to the maximum principal strain range\ the maximum shear strain range\ and the maximum
octahedral shear strain range[ More recent approaches are based on the concept of the critical
plane for crack initiation and growth "Fatemi and Socie\ 0877^ Socie\ 0882#[
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Fig[ 0[ Stage I crack growth direction for "a# Case A cracks\ "b# Case B cracks[

Brown and Miller "0862# proposed a multiaxial fatigue theory based on the physical interpret!
ation of the mechanisms of fatigue crack growth[ Their theory can be represented graphically by
contours of constant fatigue life on the G!plane[ For a given life\ the contour can be expressed
mathematically by

0
1
g� � f"o�n# "0#

where 0
1
g� is the maximum shear strain and o�n is the normal strain on the maximum shear strain

plane[ This equation underlines the strain parameters for correlating fatigue data\ and indicates
the importance of both the maximum shear strain and the tensile strain normal to the maximum
shear strain plane[ Two types of stage I fatigue cracks "Forsyth\ 0850# are proposed] Case A for
cracks propagating along the surface and Case B for cracks propagating away from the surface\
as schematically shown in Fig[ 0[ In this fatigue\ oI represents the maximum principal strain\ oII is
the second largest principal strain\ and oIII is the minimum principal strain[ A speci_c form for eqn
"0# was suggested for Case A cracks by Brown and Miller "0868# as

0
0
1
g�
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¦0
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� 0 "1#

where A\ B and j are the empirical life!dependent functions[ They suggested that j � 1 for ductile
materials and 0 for brittle materials[

Lohr and Ellison "0879# proposed two modi_ed fatigue parameters g¼ and o¼n where g¼ is the shear
strain driving cracks through the thickness and o¼n is the normal strain on the g¼!plane[ Therefore\
for Case A cracks\ 0

1
g¼ � 0

1
"oI−oII# and o¼n � 0

1
"oI¦oII#\ where oII is used instead of oIII in Brown and

Miller|s theory for Case A cracks[ They also proposed a linear relationship
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g¼¦ko¼n � constant "2#

and suggested a value of 9[3 for k[
Socie et al[ "0874# investigated the e}ects of mean stress on fatigue crack growth since the tensile

mean stresses normal to the crack surface should open the crack and assist the crack growth[ Socie
et al[ "0874# proposed a modi_cation of Lohr and Ellison|s theory as

g¼¦ko¼n¦
s¼ n

E
� constant "3#

and a modi_cation of Kandil\ Brown and Miller|s "0871# theory as

g�¦So�n¦
s�n
E

� constant "4#

Here\ S is equal to 0[9\ and s¼ n and s�n represent the mean stress normal to g¼!plane and g�!plane\
respectively[

Many research works on the e}ects of the shear strain\ the normal strain and the mean stress
on the shear plane have been carried out[ However\ the e}ects of the transverse strain "the normal
strain in the crack!line direction# have not been accounted for damage accumulation\ for example\
in the formulation of multiaxial fatigue theory in conjunction with the critical plane approach in
Chu et al[ "0882# and Chu "0884#\ and in the fatigue life prediction of an automotive structural
component based on the critical plane approach in Hou et al[ "0887#[ In Wang and Pan "0885a#\
a small crack model with consideration of the transverse strain was presented[ Their results showed
a second concentration of plastic shearing directly below the crack tip and a larger crack opening
displacement due to the tensile transverse strain[ Therefore\ in this paper\ we examine the e}ects
of the transverse strain on the near!tip _elds of small Case A cracks in power!law strain hardening
materials[ Based on the concept of characterization of fatigue crack growth by the cyclic J!integral
"Dowling and Begley\ 0865^ Dowling\ 0866#\ we also investigate the e}ects of the transverse strain
on J under plane stress\ general yielding\ and mixed mode I and II conditions[

1[ Governing equation

To examine the implications of the mixed!mode crack!tip _elds under monotonically increasing
loading conditions to multiaxial fatigue theories\ we here present an analysis based on a simple
nonlinear material model[ We consider a power!law strain hardening material with a uniaxial
tensile stressÐstrain relation as

o

o9

� a 0
s

s91
n

"5#

where o is the tensile strain\ s is the tensile stress\ o9 and s9 are the reference strain and stress
"usually we take o9 � s9:E where E is Young|s modulus#\ a is a material constant\ and n is the
strain hardening exponent[ When n is equal to one\ eqn "5# represents a linear elastic material[
When n approaches in_nity\ eqn "5# gives a rigid!perfectly plastic behavior[ However\ the RambergÐ
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Osgood law is usually used to describe the elasticÐplastic behavior of materials under uniaxial
tension]

o

o9

�
s

s9

¦a 0
s

s91
n

"6#

The RambergÐOsgood law can be generalized to multiaxial states[ Here\ the strain oij can be
written as the sum of an elastic part oe

ij and a plastic part op
ij]

oij � oe
ij¦op

ij "7#

with

oe
ij �

0¦n

E
sij¦

0−1n

2E
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orp
ij �

2
1

a 0
se

s91
n−0 sij

s9

"09#

where n is Poisson|s ratio\ sij are the deviatoric stresses\ which are de_ned as sij � sij−
0
2
skkdij\ and

se"�"2
1
sijsij#0:1# is the e}ective stress[ Here\ i and j have a range of 0 to 2 and the summation

convention is adopted for repeated indices[ Also\ the e}ective plastic strain oe is de_ned here as
oe �"1

2
op
ijo

p
ij#0:1[

Consider a cracked body where the elastic strain components are negligible compared to their
plastic counterparts[ Therefore\ eqn "09# can be adequately used to describe the stressÐstrain
behavior with assumption of deformation plasticity theory with power!law hardening[ Now we
consider that the cracked body is subjected to tractions along the boundary[ The tractions are
scaled by a loading parameter P[ Then Il|yushin|s theory "Il|yushin\ 0835# gives

sij � Ps?ij"xi\ n# "00#

oij � a 0
P
s91

n

o?ij"xi\ n# "01#

where xi is the coordinate of the material element[ The quantities s?ij and o?ij are functions of xi and
n\ and are independent of P[ This result follows from the homogeneous nature of the equations of
equilibrium\ compatibility and the constitutive relation[ Since the stress and strain _elds increase
proportionally at every point\ the fully plastic solution based upon deformation plasticity theory
coincides with the solution for the corresponding incremental or ~ow theory[

The path!independent J!integral was introduced by Rice "0857#[ Since the integrand of the J!
integral involves the products of stresses and displacement gradients\ based on eqn "00# and "01#\
the fully plastic J will be proportional to Pn¦0[ Then the J!integral for power!law hardening
materials can be expressed as

Jp � ao9s9ah 0
a
w

\ n1 0
P
P91

n¦0

"02#
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Fig[ 1[ A center cracked panel subjected to biaxial normal and shear strains[

where P9 is a reference load in terms of s9\ a is the crack length\ and w is the other signi_cant
length parameter[ Here the subscript p is used to designate power!law material behavior[ The
dimensionless function h depends on a:w\ n\ and possible other normalized geometric parameters\
but is independent of P[ This equation will be used later to derive the relationship between J and
the boundary loading conditions in our _nite element analysis[

2[ Finite element model

We consider a center cracked panel under plane stress\ multiaxial loading conditions\ as shown
in Fig[ 1[ A coordinate system is selected such that the x!axis is in the crack!line direction[ The
center cracked panel is subject to combined biaxial normal and shear strains with respect to the
xÐy coordinate system[ In the _gure\ 1a represents the crack length\ 1w represents the width of the
panel\ g represents the engineering shear strain\ on represents the normal strain perpendicular to
the crack\ and ot represents the transverse strain which is the normal strain in the crack!line
direction[ The crack is subjected to both the opening and shear modes\ and therefore is under
mixed!mode "I and II# loading conditions[

The entire domain shown in Fig[ 1 is discretized into eight!node quadrilateral elements for our
_nite element model due to the crack geometry and the loading conditions[ Figure 2"a# shows only
a quarter of the _nite element model[ The near!tip region is shown in Fig[ 2"b#[ In the immediate
crack!tip region\ we have a ring of 21 wedge!shaped elements[ Collapsed nodes resulting in the 0:r
singularity are used for these wedge!shaped elements[ The entire _nite element model consists of
0377 elements and 3519 nodes[ In this study\ we are interested in the near!tip _elds of small cracks
under general yielding conditions[ Therefore\ the ratio of a:w is taken as 9[91 to ensure that the
e}ect of the plastic ~ow near the crack tip of the remote boundary is minimum[
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Fig[ 2[ "a# A _nite element model for a quarter of a center cracked plate\ "b# the near!tip region[

Along the remote boundary\ the displacements are prescribed according to the applied strain
_elds[ Based on the small!strain theory\ the strains are related to the displacements as

oij �
0
1 0

1ui

1xj

¦
1uj

1xi1 "03#
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Here\ ui are the displacements in the xi!directions[ This equation is used to translate the applied
strains into the displacements along the boundary[

All our computations are performed using the _nite element code ABAQUS "Version 4[4#[ We
choose the RambergÐOsgood material behavior to describe the material deformation plasticity
behavior[ We select n � 2 to represent high!hardening materials\ n � 09 to represent low!hardening
materials\ and n � 19 to approximate perfectly!plastic materials[ Also we select the material
constants such that the elastic strains are small and negligible compared with the plastic strains
when the stresses are large[ Therefore\ our solutions can be used to approximate those for pure
power!law strain hardening materials[

3[ Mixed!mode crack!tip _elds

For various combinations of the applied strains along the boundary\ the near!tip stress and
strain _elds are investigated[ To understand the e}ects due to the boundary strains on the crack!
tip _elds\ we here de_ne two strain parameters[ The _rst parameters is the applied strain ratio f

which is the ratio of the normal strain on to the shear strain 0
1
g as shown in Fig[ 1\ is consistent

with the multiaxial fatigue theories "Wang and Pan\ 0885a#\ as

f �
on
0
1
g

"04#

The second parameter is the constraint ratio z which is the ratio of the transverse strain ot to the
shear strain 0

1
g as

z �
ot
0
1
g

"05#

Note that the two strain parameters are normalized by the shear strain due to the fact that the
shear strain is considered as the primary driving force for fatigue crack growth in multiaxial fatigue
theories " for example\ see Chu et al[\ 0882^ Chu 0884#[

On the other hand\ in nonlinear fracture mechanics\ the constraint e}ect is expressed in terms
of the transverse stress\ for example\ see O|Dowd and Shih "0880^ 0881#[ For the center cracked
panel subject to mixed mode I and II loading conditions without the transverse stress\ the material
incompressibility gives z � −0

1
f[ For the panel subject to pure model II loading conditions\ z � 9

and f � 9[ For the panel subject to combined equal biaxial normal and shear strains "Wang and
Pan\ 0885a#\ z � f[ This is the case that the crack growth is in the maximum shear strain direction
as discussed in Brown and Miller "0862#[ With consideration of di}erent combinations of f and
z\ the constraint e}ects due to the transverse strain can be explored systematically[

In our _nite element computations\ we set n � 9[3888\ a � 0\ and E:s9 � 0[9×093 for the
RambergÐOsgood stressÐstrain law to approximate the behavior of pure power!law strain hard!
ening materials[ We consider the materials with the hardening exponent n equal to 2\ 09 and 19[
We show the results of three applied strain ratios f � 0:2\ 0:5\ and 9 under various constraint
ratio z from −0:1 to 0:1[ Here\ we only show the computational results of n � 2 and n � 09[
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Fig[ 3[ E}ective stress contours for n � 2 and f � 0:2 at on � 9[991[ "a# Uniaxial tension and shear "z � −0:5#\ "b#
equal biaxial tension and shear "z � 0:2#[

Figure 3 shows the e}ective stress contours representing the intense straining zones near the
crack tip for n � 2 and f � 0:2[ Figure 3"a# shows the e}ective stress contours under uniaxial
tensile and shear strain at on � 9[991\ ot � −9[990 and g:1 � 9[995[ Note that when the center
cracked panel is subject to on � 9[991 and g:1 � 9[995\ this combination of strains corresponds to
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Fig[ 4[ E}ective stress contours for n � 09 and f � 0:2 at on � 9[993[ "a# Uniaxial tension and shear "z � −0:5#\ "b#
equal biaxial tension and shear "z � 0:2#[

f � 0:2[ When the transverse stress st is equal to 9\ the panel without the small crack should have
ot � −9[990 according to the material incompressibility[ This gives z � −0:5[ Figure 3"a# indicates
that the plastic shearing is mostly concentrated directly ahead of the tip even under mixed!mode
loading conditions[ Figure 3"b# shows the e}ective stress contours for on � 9[991\ ot � 9[991 and
g:1 � 9[995[ This is the case of equal biaxial tensile and shear loading conditions corresponding to
f � z � 0:2[ For this case\ the transverse stress st is equal to the normal stress sn[ This _gure
indicates that plastic shearing appears not only directly ahead of the tip but also directly below
the tip[ Figure 4 shows the corresponding cases for n � 09 at on � 9[993[ As shown in this _gure\
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the e}ective stress contours for these combinations of f and z under mixed!mode loading conditions
are quite similar to those shown in Fig[ 3[ However\ the intensity of the second concentration of
plastic shearing depends upon n and z\ as indicated by our computational results[ As the transverse
strain becomes negative\ the second concentration of plastic shearing becomes smaller as shown
in these _gures[ It should be noted that for a given combination of n\ f and z\ these e}ective stress
contours are not exactly self!similar as they should be for pure power!law strain hardening materials
because the small elastic contribution in the RambergÐOsgood stressÐstrain relation that we used
in ABAQUS[

Figure 5 shows the deformed shapes of the crack!tip pro_les for n � 2 and f � 0:2[ Figure 5"a#
shows the deformed shape under uniaxial tensile and shear loads at on � 9[997\ ot � −9[993 and
g:1 � 9[913 "z � −0:5#[ Figure 5"b# shows the deformed shape under equal biaxial tensile and
shear loads at on � 9[997\ ot � 9[997 and g:1 � 9[913 "z � 0:2#[ As shown in the _gure\ the case
with the tensile transverse stress "Fig[ 5"b## apparently has more crack opening displacement than
that without the tensile transverse stress "Fig[ 5"a##[ Figure 6 shows the corresponding results for
n � 09 at on � 9[997[ As shown in Fig[ 6\ the deformed shapes of the crack!tip pro_les for these
combinations of f and z have the similar trends as those shown in Fig[ 5[

The radial and angular dependence of the crack!tip _elds for the center cracked panel under
mixed!mode loading conditions has been studied thoroughly in Wang and Pan "0887b#[ In this
paper\ we choose not to present the detailed angular variation of the crack!tip _elds for di}erent
ratios of z for consideration of the length of the paper[ Instead\ we examine the near!tip mode
mixity factor Mp "Shih\ 0862# under di}erent constraint ratios of understand the e}ects of the
transverse strain on the opening stress and shear stress directly ahead of the crack tip[ The near!
tip mixity factor Mp "Shih\ 0862# is de_ned as

Mp �
1
p

tan−0 $limr:9

suu"r\ u � 9#
sru"r\ u � 9#% "06#

Here\ u � 9 represents the direction directly ahead of the tip[ Under pure mode I condition\
Mp � 0[ Under pure mode II condition\ Mp � 9[ Mp has a value between 9 and 0 under mixed
mode I and II conditions[

Figure 7 shows Mp as a function of "1:p# tan−0 f for n � 2[ The values of Mp are sampled at the
radial distance about 1J:s9 of the crack tip "O|Dowd and Shih\ 0880\ 0881#[ Note that the small!
strain _nite element results in general are not valid at radial distances smaller than 1J:s9 due to
large deformation near crack tips[ Therefore\ the stresses at this radial distance 1J:s9 are usually
used to investigate the constraint e}ects "O|Dowd and Shih\ 0880\ 0881#[ Two di}erent constraint
cases are considered[ One is under equal biaxial normal and shear strain "z � f# and the other one
is without any transverse stress such that z � −0

1
f[ As shown in Fig[ 7\ Mp for z � f is substantially

larger than that for z � −0
1
f under mixed!mode loading conditions[ This indicates that the

presence of a tensile transverse strain results in more opening stress ahead of the tip[ This is
consistent with the results shown in Figs[ 5 and 6 where the cases with the tensile transverse stress
have more opening displacement than the cases without the transverse stress[ Figure 8 shows the
corresponding results for n � 09[ This _gure shows the same trends as those in Fig[ 7[ As shown
in both _gures\ the strain hardening exponent n does have some e}ects on the trend[ Also\ it is
clear from Figs[ 7 and 8 that the near!tip _elds for Case A cracks are dominated by shear ahead
of the tip since the values of Mp are less than 9[5 for the cases with and without constraints[
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Fig[ 5[ Deformed crack!tip pro_les for n � 2 and f � 0:2 at on � 9[997[ "a# Uniaxial tension and shear "z � −0:5#\ "b#
equal biaxial tension and shear "z � 0:2#[

As indicated in Dowling "0866# and Dowling and Begley "0865# for mode I fatigue cracks and
as shown in Wang and Pan "0885a\ 0885b\ 0887a\ 0887b# for mixed!mode fatigue cracks\ the cyclic
J!integral can be used to characterize fatigue growth data and fatigue life data[ Therefore we
examine the values of J under di}erent transverse strains to understand the implications of the
transverse strain on the fatigue crack growth propensity[ Figure 09 shows the value of J as a
function of the constraint ratio z for n � 2 and the applied strain ratio f � 9\ 0:5 and 0:2[ In the
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Fig[ 6[ Deformed crack!tip pro_les for n � 09 and f � 0:2 at on � 9[997[ "a# Uniaxial tension and shear "z � −0:5#\
"b# equal biaxial tension and shear "z � 0:2#[

_gure\ the values of J are normalized by J9\ which is de_ned as the value of J under pure shear
load "pure mode II case#[ For the applied strain ratio f � 9\ the results are not presented at z less
than zero because the crack surfaces are in contact due to the applied compressive transverse
strains from out _nite element analysis[ The contact phenomenon also exists for f � 0:5 at z less
than about −0:2 and f � 0:2 at z less than about −0:1[ In the _gure\ the symbol � represents
the cases of the loading conditions without transverse stress "z � −0

1
f from the material incom!

pressibility#[ These cases are] f � 9 "pure mode II# and z � 9^ f � 0:5 and z � −0:01^ and f � 0:2
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Fig[ 7[ Relationship between the near!tip mixity factor Mp and the strain ratio factor "1:p# tan−0 f at n � 2[

and z � −0:5[ The symbol R represents the cases under equal biaxial tensile and shear loading
conditions with f � z[ These are the cases where cracks grow in the direction of the maximum
shear strain as discussed in Brown and Miller "0862#[ These cases are investigated by Wang and
Pan "0885a# where the values of J are well correlated to the experimental fatigue lives for Case A
cracks presented in Brown and Miller "0862#[ Figure 09 shows that the values of J increase as the
constraint ratio z increases[ As f becomes as large as 0:2\ J can change 099) as z varies[ Figure
00 shows the corresponding results for n � 09[ The results shown in this _gures indicate the same
trends as shown in Fig[ 09 for n � 2[

4[ Implications to multiaxial fatigue theories

Wang and Pan "0885a\ 0885b\ 0887a\ 0887b# attempted to correlate the results of near!tip stress
and strain _elds of small cracks from the plastic fracture mechanics viewpoint to multiaxial low!
cycle fatigue theories[ They considered a small Case A crack model and assumed the fatigue crack
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Fig[ 8[ Relationship between the near!tip mixity factor Mp and the strain ratio factor "1:p# tan−0 f at n � 09[

in the direction of the maximum shear strain "Wang and Pan\ 0885a\ 0887b#[ They presented the
constant J!contours on the G!plane as shown in Fig[ 01 for power!law strain hardening materials[
They found that the general trends of the constant J!contours on the G!plane\ instead of parameters
as combinations of near!tip stresses and strains\ agree well with those of the experimental constant
fatigue lives on the G!plane as presented in Brown and Miller "0868# for 0)CrÐMoÐV steel[ As
clearly shown in Figs[ 3 and 4\ the intensity of the second concentration of plastic shearing directly
below the crack tip becomes large when the tensile transverse stress is applied[ This observation
motivates us to investigate the e}ects of the transverse strain on the mixed!mode near!tip _elds of
small cracks[ Based on the concept of characterization of fatigue crack growth by the cyclic
J!integral\ supported by the experimental results for mode I cracks by Dowling and Begley "0865#
and Dowling "0866# and correlated by the computational results for mixed!mode cracks by Wang
and Pan "0885a\ 0887b# as shown in Fig[ 01\ we investigate the e}ects of the transverse strain on
the values of J[ As shown in Figs[ 09 and 00\ J increases as z increases[ This trend is consistent
under di}erent combinations of f and z[ The strain hardening exponent n does have some e}ects
on the general trend[
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Fig[ 09[ J as a function of z for n � 2 and several values of f[

Now we try to link the results of our small crack model to the prediction of damage accumulation
based on multiaxial theories and the critical plane approach[ The critical plane approach has been
widely adopted to predict fatigue life under multiaxial loading conditions[ The approach involves
the assumption of many possible planes where the fatigue damage are evaluated[ In contrast to
most laboratory testing programs where _xed ratios of stresses or strains are applied under cyclic
loading conditions\ the critical material elements of structural components may be subject to truly
multiaxial non!proportional cyclic loading conditions[ When the critical plane approach is adopted\
the damage parameter is assessed in consistent with those testing results under proportional cyclic
loading conditions where small fatigue cracks appear in the maximum shear strain directions as in
Socie et al[ "0874# and Brown and Miller "0862#[ Correlations of experimental data suggest that
using the shear strain and the normal strain on the maximum shear strain plane as the damage
parameter seems to be reasonable and consistent[ Many multiaxial fatigue theories have been
proposed accordingly "Brown and Miller\ 0868^ Lohr and Ellison\ 0879^ Kandil et al[\ 0871\ Socie
et al[\ 0874#[ However\ the e}ects of the transverse strain have not been considered for damage
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Fig[ 00[ J as a function of z for n � 09 and several values of f[

Fig[ 01[ The constant J contours on the G!plane[ Here the solid lines are _tting curves[
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accumulation based on the multiaxial fatigue theories in conjunction with the critical plane
approach\ see Chu et al[ "0882# and Chu "0884#[ As shown in our present computational results\
the transverse strain has signi_cant e}ects on the crack!tip opening stress\ opening displacement
and the value of J[ Therefore\ the transverse strain should be considered in the multiaxial fatigue
theories in conjunction with the critical plane approach[

We now examine the linear elastic case "n � 0# as detailed in the Appendix to understand the
e}ects of the transverse strain on the value of J!integral[ Equation "A5# in the Appendix is now
presented here again]

J
Epa

� 0
g:1

0¦n1
1

¦0
on

0−n1
¦

not

0−n11
1

"07#

As indicated in eqn "07#\ the transverse strain ot does have e}ect on the value of the J!integral[ It
should be noted that the contribution of the transverse strain on the value of J!integral is not as
much as that of the normal strain on because a factor of n is in front of ot as indicated in eqn "07#[
When on � ot\ this is the case where the crack is in the direction of the maximum shear strain[
Denote the strains for this case by g�:1 and o�n[ Equation "07# then becomes

J
Epa

� 0
g�:1
0¦n1

1

¦0
o�n

0−n1
1

"08#

This equation has been derived in Wang and Pan "0887b#[
Chu et al[ "0882# presented a damage parameter D for the critical plane approach as

D � g¦Son "19#

where S is a material constant\ g and on represent the amplitudes of the shear strain and the normal
strain\ respectively[ Note that D is expressed as a linear combination of g and on[ However\ as
shown in Wang and Pan "0885a\ 0887b#\ the constant J contours for power!law strain hardening
materials on the G!plane are _tted well by a nonlinear power function of the maximum shear strain
g� and the corresponding normal strain o�n as

0
0
1
g�

A 1
m

¦0
o�n
B1

m

� 0 "10#

where m varies from 1 to 1[42 for n � 0 to n � 19[ The ratio A:B depends on n[ The magnitudes
of A and B depend on the values of g� and o�n[ The shapes of the constant J contours in general
agree well with those of the nonlinear constant fatigue life curves on the G!plane presented in
Brown and Miller "0862#[ The nonlinear constant fatigue life curves on the G!plane can be
approximated by a nonlinear equation similar to eqn "10# as

g�m¦To�n
m � V "11#

where T and V are the best!_t material constants for a given fatigue life[ Along a constant fatigue
life curve\ the fatigue damage parameter D can be considered to be the same[ Therefore\ a natural
selection of a damage parameter D\ motivated by eqns "19# and "11#\ would be
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D �"g�m¦To�n
m#0:m "12#

Equation "12# should reduce to eqn "19# when m � 0[
One possible way to include the e}ects of the transverse strain would be to add the transverse

strain contribution into the expression of the damage parameter D[ Based on eqn "12# for power!
law hardening materials and eqn "07# for n � 0\ a possible modi_cation of D to include the
constraint e}ect can be expressed as

D �"gm¦"Qon¦Rot#m#0:m "13#

where m\ Q and R are material constants[ For the linear elastic case "n � 0#\ m could be equal to
two and R could be equal to nQ as suggested in eqn "07#[ When n is not equal to one\ more
computational or experimental results are needed to _nd an optimal set of m\ Q and R[ The values
of m can be close to those in Wang and Pan "0885a\ 0887b# for cracks in the maximum shear strain
direction where ot � on[ Since we propose the damage parameter D in terms of the three strains as
in eqn "13#\ we essentially generalize the concept of constant fatigue life contour on the G!plane
proposed by Brown and Miller "0862# to constant fatigue life surface in the G!space where g:1\ on

and ot are the three axes[ Further experimental results and modeling e}ort should quantify the
e}ects of the transverse strain on fatigue crack growth rate or fatigue damage assessment[

5[ Conclusions

In this paper\ a small crack model is proposed to examine the e}ects of the transverse strain "the
normal strain in the crack!line direction# on the near!tip _elds[ We present the constant e}ective
stress contours\ the deformed crack!tip pro_les and the mode mixity factors under di}erent
transverse strains[ Based on the concept of characterization of fatigue crack growth by the cyclic
J!integral\ we also present the values of J under di}erent transverse strains[ The computational
results show that J increases as the transverse strain increases and the strain hardening exponent
n does have some e}ects on the trend[ The results suggest that the fatigue life prediction based on
multiaxial fatigue theories and the critical plane approach should include the e}ects of the trans!
verse strains on fatigue crack growth propensity[ Consequently\ the concept of constant fatigue
life contour on the G!plane in multiaxial fatigue theories is generalized to the constant fatigue life
surface in the G!space where the shear strain and the two normal strains are the three axis[ Finally\
a damage parameter as a function of the shear strain and the two normal strains is proposed for
evaluation of fatigue damage under multiaxial loading conditions[

Appendix

Consider a center cracked panel as shown in Fig[ 1[ Here we consider the case of n � 0[ As the
ratio a:w approaches to 9\ the stress intensity factor KI and KII due to the remote normal stress sn

and shear stress t\ which are perpendicular to and parallel to the crack\ are

KI � snzpa "A0#
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KII � tzpa "A1#

The energy release rate J is related to KI and KII under plane stress conditions as

J �
0
E

"K1
I ¦K1

II# "A2#

For the case as shown in Fig[ 1 under the normal stress sn and the shear stress t\ Hooke|s law
gives

sn �
E

0−n1
on¦

nE

0−n1
ot "A3#

t �
E

0¦n 0
g

11 "A4#

Combining eqns "A0# to "A4# gives

J
Epa

� 0
g:1

0¦n1
1

¦0
on

0−n1
¦

not

0−n11
1

"A5#

Equation "A5# clearly indicates that ot a}ects the value of J!integral[ However\ the e}ect of ot will
not be as much as that of on because there is a factor of n for the contribution of ot when compared
to that of on[
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